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0. INTRODUCTION

This is the second revised edition of the m-M Calculus (see 7.

In this paper we consider the so-called m-M functions, i.e. functions of the form

f:D—=R (D = [a,b1] X ... X [an,b,], wheren >0is any element
of N; and ai,bi (S ]R)
subjected to the following supposition:

For each n-dimensional segment A = lag, Bi] x ... x [an, Bn] C D a pair of
real numbers, denoted by m(f)(A), M(f)(A), satisfying the conditions

(0.1) m(£)(A) £ F(X) < M(f)(A) (forall AC D, X €A)
(0.2) lim(M(£)(A) —m(f)(A)) =0 (where diamA := (¥ (8; — a;)?)1/2)
diamA — 0

is effectively given.

Such an ordered pair (m(f), M(f)) of mappings m(f),M(f) (both mapping the set
of all A C D into R) is called an m-M pair of the function f. We also say that
m(f), M(f) are generalized minimum and maximum for f respectively. With
only a few exeptions, all elementary functions are m-M functions (Lemma 1.4).

The conditions (0.1) and (0.2) are taken as axioms of the so-called m-M calculus
(or the Calculus of generalized minimum and maximum).

A logical analysis of these axioms is given here and, in addition to the other results,
a series of equivalences is proved which enable us to express some relationships for
m-M functions by means of the corresponding relationships for their m-M pairs
(Formulas (4.8), (4.9), (4.10)).

There are many various applications of the m-M calculus, such as

- Solving systems of inequalities, systems of equations (Section 2)
- Finding n-dimensional integrals (Section 3)
- Solving any problem ezpressed by a positive <-formula (Section 5). Among
others
Problem of constrained optimization (Problem 5.2, Problem 5.8)
Problem of unconstrained optimization (Problem 5.1 )
min-maz problems (Problem 5./)
Problems from Interval Mathematics (Problem 5.5)
- Finding functions satisfying a given m-M condition (e.g. functional condition,
or difference equation, or differential equation)
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*As it is well known, by the usual methods of Numerical analysis, assuming certain
convergence condiitons, we aproximately determine, step-by-step, one solution of
the given problem (see [1]-[5]). However, applying the methods of m-M calculus
we approximately determine all solutions of the given problem, and we assume
almost nothing about the convergence. The solutions are, as a rule, sought in a
prescribed n-dimensional segment D. If the given problem, e.g. a system oof some
equations, has no solutions in D, then applying the method of m-M calculus this
can be established at a certain finite step k. The basic methodological idea of the

m-M calculus is:

It gives a sufficient condition Cond(A) which ensures that an n-dimensional
segment A does not contain any solutions of the considered problem P. Ap-
plying this criterion, we reject from the original n-segment D those " pieces”
which do not contain solutions, so that in the limiting case the remaining
”pieces” form the set S of all solutions of the problem P (if indeed there is a
solution of P).

Compairing with [7] this version of the m-M Calculus additionally contains

A linear procedure LS by which one can find a local minimum or saddle point
of the function from Problem 5.1 (see Remark 5.1).

On the disjunctive-optimization problem (see Remark 5.2).

7. Appendix, containing a new, simple proof of the Theorem 4.3, which is
the key theorem of the m-M Calculus.

The author is indebted to M. Agovié who designed several programs concerning
the mn-M Calculus and to Professor M. Raskovié for several valuable comments and
suggestions.

1. m-M ALGEBRA

In this section we state how for a given function f defined by some elementary
term f(z1,...,7a) (see (1.7) and (1.11)) one can, in a finite number of steps,
find an m-M pair. Also we study some general properties of m-M pairs.

1. Throughout this section we shall denote by
D =a1,b1] % ... X [ap,b,] C R"

a fixed n-dimensional segment. The functions we deal with are mainly some m-M
functions f : D — R.

As the first fact notice that from axioms (0.1), (0.2) follows that the function f must
be continuous; i.e. if f: D — R is an m-M function then f must be continuous in
D. 1t is easy to see that in some sense the opposite assertion is also true. Namely, if
f:D — Ris a given continuous function then one of its m-M pairs may be defined
by

(1.1) m(f)(A) = min £(X), M()(A) = max f(X).
Notice that this m-M pair satisfies the following implication
(1.2)  A'C A" = m(f)(A") <m(f)(A"), M(F)(A") <m(f)(A") (A" C D)

Generally, any m-M pair having this property will be called a monotone m-M pair. )
Here and throughout the section we denote by A = [ay, f1] X ... x [an, Br] any

subsegment of D. Further, the set of all such A’s will be denoted by Int(D}. We

point out that formula (1.1) can be used in case of monotone functions. Namely,:
we have the following lemma. :

Lemma 1.1. Let f : D — R be a continuous function, monotone in each of its
arguments. One m-M pair of f, the so-called ideal m-M pair, can be defined by the
Jollowing equalities

m()(A) =min{f(V1),...,f(Var)},  M(f)(A) = max{f(V1),..., f(Van)}
where Vi, ..., Van are all the vertices of A. This m-M pair is monotone.
The proof follows by (1.1) and the fact that f, when X € A, must acheive its

minimum(maximum) at some vertex of A. From Lemma 1.1 we obtain the following
corollary -

(1.3) If f : [a1,b,] — R is a continuous monotone function then one of its m-M
pairs is determined by the equality

1) m(F)A) = floa)y, M(f)(A) = f(Br) if f is nondecreasing
or
(i)  m(f)(A) = f(Br), M(f)(A) = f(en) if f is nonincreasing

As another corollary we list the following table in which f denotes the function
defined by the given expression and (m(f)(A), M(f)(A)) is one m-M pair of f.
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Table 1.1
Function f m(f)(A) M(f)(A) Under condition
c c ¢ C is a constant
Ty (841 131 ’
T + T2 a4+ as B+ B
—T1 - -y
1/z1 1/4 1/ay a; >0
Ty T2 min(a;ag, a1 fa, max(a g, 152,
0P, a2f:) a2y, 0202)
min(z1,z2) min(ay, az) min(f, B2)
m&X(zl,$2) ma‘x(al)a2) max(ﬂl:ﬁ?)

In connection with formulas (1.1) we also emphasize the following fact. If f is any
m-M function then for each its m-M pair the foliowing inequalities

(14) m(£)(8) < min f(X), M) 2 pax S(X)

hold. More precisely said we have the following lemma.

Lemma 1.2. Let f : D = R be a given continuous function and let £1,e2 :
Int(D) = R be any given nonnegative functions with the property

s — I A) =
dialrlnrg—»() =1 (A) dim:xrg—m 52( ) :

Then one m-M pair of the function f can be defined by the following equalities
* — 1 — =
() mNQ) = min f(X) -a(A), M(F)A) = max f(X) +e(a)

Moreover, each m-M pair of f can be represented in the form (*)

Now let f: D — R be any m-M function. In connection with it we introduce two
functions (mf), (M f) of 2n arguments. These functions are only partialy defined.
Namely, if A = [a1,01] % ... X [an, Ba] is any subsegment of D then, by definition,
we have:

(1.5) (mf)(ar, B, s an, Bn) :=m(f)(A),  (Mf)ar, B,y om, Br) 1= M(F)(B)

In other words if we like to consider m(f)(A) and M (f)(A) as functions of a1, fi,
.1y Qn, Bn then we can do it using the functions (mf), (M f).

Generally speaking, regarding the notion of monotony we have the following fact

(1.6) If (m(f), M(f)) is a monotone m-M pair then the functions (mf), (M[) are
also monotone in each of their arguments.

Lemma 1.3. Let the functions f,hi,....,hr : D = R and
G :[A1,B1] X ... X [Ag, Bk] + R (Ai, B; are given reals)

4

satisfy the following equality

F(X) = G(h1(X), ... hi(X)) (for all X € D)
Suppose also that for all segments A C D the inequalities
*) A Sm(h)(A), M(h:)(A) < B; (i=1,..,k)
are fulfilled. Then one m-M pair of the function f is defined by the equalities
m(f)(A) = (mG)(m(h1)(A), M(h1)(A), ..., m(he ) (A), M (hy)(A))
M(£)(A) = (MG)(m(h1)(A), M(h1)(A), ... m(he)(A), M (hi)(A))

providing that all m-M pairs of the functions hy, ..., hi, G standing on the right
hand side of these equalities are known.

Proof. Let A C D and X € A. Denote the product
[m(h1)(A), M(h1)(A)] X ... x [m(hi)(A), M (i) (A)]
by A’. Then we have
F(X) = G(hs(X), ..., hi (X))

S M(G)(A') = (MG)(m(h)(A), M (B1) (D), ...;m(hi ) (A), M (hy)(A))
Similarly the inequality

f(X) 2 (mG)(m(h1)(A), M(h1)(A), ..., m(hg)(A), M (hi)(A))
can be proved. Thus axiom (0.1) is satisfied. Further:

limgiama—o [M(G)(m(h1)(A), M (hi)(A), ..., m(h)(A), M (R )(A))
=m(G)(m(h1)(A), M (h1)(4), ..., m(h ) (A), M (Rt )(A))]
= limgiama—o (M(G)(A") —=m(G)(A")) =0 (For limA' = 0)

Consequently the axiom (0.2) is satisfied, which completes the proof.

(**)

Remark 1.1. Note that Lemma 1.3 is compatible with the monotony property.
Na_mely, if m-M pairs of the functions hy, ..., hy, G are monotone then the m-M
pair of the function f determined by the lemma is monotone too.

Indeed, let A” C A’ C A. Then, using (1.6) and the given assumptions we have
m(f)(A") = (mG)(m(h1)(A"), M (k1) (A"), ..., m(he) (A"), M (hi) (A"))

2 (mG)(m(hy)(A"), M(h1)(A"), ..., m(hi)(A"), M (ke )(A"))

=m(f)(4’)
In a similar way we can prove that: M(f)(A") < M(f)(A"). Consequently, the
pair (m(f), M(f)) is monotone.
Let now, f,¢ : D — R be any two m-M functions. Using Table 1.1 and Lemma 1.3
it is easy to conclude that for their sum h: D -+ R -

hMX) := f(X)+ g(X) (X eD)

5



one m-M pair can be determined by the following equalities

m(h)(A) = m(f)(A) + m(g)(A), M(h)(A) = M(f)(A) + M(g)(A)
According to this in the m-M algebra one recursive definition reads
() mf +9)(A) =m(f)(A) +m(g)(D), M(f+g)(A)=M(f)(A)+M(g)(A)
by which?) an m-M pair of f + g is defined by the m-M pairs (m(f)(A), M(f)(A))
(m(g)(A), M(g)(A)) of f and g. Next, denote by
(17) Term(R, Ty ey Ty +, 05— 2k+\1/7 €Xxp, SiIl, €os, mina max)
the set of all terms built up from?

the variables zy, ..., T, symbols of some real numbers and functional symbols
+,*, =, 4/, €xp, sin, cos, min, max where k > 0 may be any natural number

Assuming that f, g can be any such terms and that A = [a1,61] X ... X [an, Bn]
can be any p-dimensional segment?®) we have the following recursive definition of
the so-called general m — Mpair (of any term f belonging to set (1.7).

Definition 1.1.
(i) m(C)A)=C, M(C)(A)=C, (C is a constant)
m(z;)(A) = oy, M(z;)(A) =5, (i =1,...,n)
(ir) m(f+g)(A) =m(f)(A) +m(g)(A), M(f +g)(A) = M(f)(A) + M(g)(A),
(i) m(—f)(A) = -M(f)(A), M(-f)(A) = —m(f)(4Q),

() m(f-9)(A) = min(m(f)(A)m(g)(A), m(f)(A)M(g)(A), o
M(F)(A)m(g)(A), M(F)(A)M(g)(A))
M(f - g)(8) = max(m(f)(A)m(g)(A), m(f)(A)M(g)(A), y
M(F)(D)m(g)(A), M(f)(A)M (g)(A))

(v)  m(min(f,9))(A) = min(m(f)(A), m(g)(A))
M(min(f,9))(A) = min(M (£)(A), M(g)(A))
(vi) m(max(f,9))(A) = max(m(/)(A), m(g)(A))
M(max(f, g))(A) = max(M(f)(A), M(g)(A))
(vit) m(*/F)A) = *5/m(f)(A), M(*/F)(A) = *%/M(F)(A)
(viit) m(exp f)(A) = expm(f)(A), M(exp f)(A) = exp M(f)(A)
(iz) m(sin f)(A) = m(f)(A) = M(f)(A) +sinm(f)(A)
M(sin £)(A) = M(f)(A) — m(f){A) +sin M(f)(A)
(&) mlcos £)(A) = m()(A) ~ M(7)(A) +cosm(F)(a)

DBut, it is not true that generally for each m-M pair of the sum f + g exist some m-M
pairs for f, g such that equalities (*) hold

2)The symbol ~ is taken as an unary functional symbol. According, the difference z —y is
introduced as z + (—y).

3)Thus it is not supposed that A C D.

M(cos f)(A) = M(f)(A) = m(f)(A) +cos M(f)(A)

As it is well-known to each term f belogning to the set (1.7) one can correspond
the unique function®) f:R"™ — R in the standard way.

According to the Table 1.1 and Lemima, 1.3 the left-hand sides of each of equalities
(14)-(viii) determines one m-M pair of the functions f + ¢, ~f, f - f, min(J, 9),
max(f, g),exp f respectively by means of the m-M pairs of the functions f, g. A
similar fact holds for equalities (iz), (z) due to the following identities

(1.8) sinz = (z+sinz) —z, cosz=(r+cosz)—z

by which the functions sine and cosine are represented as differences of two mono-
tone functions. '

Note also that repeated application of this definition always produces monotone
pairs. This follows from the fact that by part (i) of Definition 1.1 one monotone m-
M pair is introduced and that other equalities in Definition 1.1 are compatible with
monotony property (see Remark 1.1). In such a way we have proved the following
lemma.

Lemma 1.4 Let f : R* = R be a function defined by a term f(x, s Tp,) belonging
to set (1.7). This function is an m-M function. Employing Definition 1.1 one of
its m-M pairs can be effectively found in a finite number®) of steps. The obtained
m-M pair is monotone.

For illustration we give the following examples
Example 1.1. Let f be a polynomial function defined by the equality of the form

F@1y oy ) = G(Biyores B) = By oy )
where g(z1,...,2n), h(21,...,Z,) are polynomials having positive coefficienis only.
Then one m-M pair of f is determined by the following equalities
m(f)(A) = glar, .y an)=h(Br, ... Bn), M(F)(A) = g(By, ..., Ba)~h{as, ..., n)
(A = [alyﬂl] Xy N [Qrzv ﬂn})

providing thet ay, ...,a, > 0.

Examiple 1.2. According to the identity |z| = max(z,—2z) from Definition 1.1
one can casily deduce the following equalities

m(lf)(A) = max(m(£)(A), ~M(£)(A)), M(f[)(A) = max(M(£)(A), ~m(f)(A))

2. In m-M calculus we shall frequently be concerned with dividing some given
segments of reals into certain smaller " pieces”. In connection with it we introduce

“)To be more precise we can denote this function by some new symbol, for instance f.
Then its definition would read

J(@1,...,v) = Value of term f(z1,...,zn) (for any z1,...,zn € R)

5) As a matter of fact this number is equal to the number of all functional symbols occuring
in the term f(z1,...zn).



the so-called cell-decomposition of a given segment [a, b] C R. Any such decompo-
sition D is an infinite set of certain segments [a’,d'] C [a,b], the so-called cells of
the decomposition, where to each cell one of the numbers 0, 1, 2, ..., the so-called
order of the decomposition, is ascribed. In addition the following conditions are
supposed

(1.9) (i) [a,b] €D
(i)  For each® r € N there exists a finite number of cells in D having the
order r. The segment [a, 8] is the unique cell of order 0.
(ili) The union of all cell of order r is [a, b].
(iv) The interiors of two different cells of the same order r are disjoint.
(v)  If d(r) denotes the maximum of length of all cells of order r the equality.

g, dr) =0

holds”.
A cell-decomposition D is called a cell-tree if the following condition is fullfiled

(vi) TFor each cell C, € D of order (> 0) there exists a unique cell Cp_; € D
of order 7 — 1 such that C, C C,_;.

One example of cell-tree is the so-called diadic tree. Its cells of order r are segments
[, 8] C [a, b] defined by the equalities of the form

a=a+k(b-a)-27", B=a+(b-a) 2"

where k can be any element of the set {0,1,..,2"—1}. Notice that by the definition
of cell-decomposition for each decomposition D of the segment [a,b] the following
fact holds

(1.10)To each point z € [a,b] at least one sequence (Cr(z)) of r-cells®) is related
such that the following conditions

(VreN)z € Cp(x)

is satisfied
Any such sequence is called a cell sequence of z. In the sequel we shall frequently
use the following definition

Definition 1.2.

1% Let Dla, b] be a cell-decomposition of the segment [a,b] CR. Then the set of
all r-cells of the decomposition is denoted by D, [a, b].

2°  Let D = [a1,b1] % ... x [an, ba] C R™ be an n-dimensional segment and let
Dlai, bi] be some cell-decompositions of the segments [ai,b] (¢ = 1,..,n).

6)N is the set of all nonnegative integers 0, 1, 2, . ..

")Obviously the notion of decomposition is that appearing in the ordinary definition of
Reimann integral.

8)Instead of "cell of order 1 we say briefly ”r-cell”.
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Then the sets D(D), D(D) (v is a fized element of N) are introduced by the
following equalities

DT(D) = {Pl X, see X Pn|P1 L= 'Dr[al,bl], ...,Pn € Dr[an, bn]}
D(D) = U,enDy (D)
respectively.

3. Let us now extend the set (1.7) by allowing the set of functional symbols to
contain also the following new symbols

1/, arcsin, In, ¢, (k> 1,k€N)
This new term set will be denoted by
(1.11) Term(R,z1, ..., Tn, +, -, —, €xp, sin, cos, min, max, 1/, arcsin, In, \k/)

If t(zq, .., ) is any element of this set then in the standard way one can correspond
to it one function. But, in general such a function is defined only for those values
(z1,.-,zn) € R™ which satisfy the corresponding definition-condition Cond(1), to
be defined bellow.

Denote by P = {p1,...,pa} the set of all terms such that 1/p1, ..., 1/p, are all
subterms of the term ¢ having the form 1/p, where p is a term. Similarly let

Q = {(11,---1111-}» R= {rla--'yrc}v S= {51;---1511}
be the sets of all terms such that
arcsingy, ..., arcsingy, Inry,...,lnre, %/57,.., /55 (k> 0,k € N}

are all subterms of the term ¢ having the form arcsing, Inr, %/s respectively. Some
of these sets P, @, R, S may be empty. Then we have the following definition

(1.12) Cond(t) is the conjuction of the following conditions

b1 75 0, -3 Pg '_}’é 0, {qll < 17---,]%[ <lrm > 0yu0ny7e > 0,51 > 0:"':3d >0

Denote by Dom(t) the set of all X € R™ satisfying the condition Cond(t).
So, the following problem:

(1.13) Determine the set Dom/(t)

appears.
A bit later we shall consider that problem under the following additional condition

($1, ...,En) eD

where, as before D = [a1,b1] X ... X [an, b,] C R™ is n-dimensional scgment.
Now bearing in mind the corresponding definition-condition about the new func-
tional symbols we extend Definition 1.1 by this addendum

9



Definition 1.3.

(zi) m(1/f)(A) =1/M(f)(A), M(1/F)(A) =1/m(f)(A),
i 0 & m(f)(A), M(f)(D)]

(zii) m(arcsinf)(A) = arcsinm(f)(A), M(arcinf)(A) = aresinM (f)(A),
; if =1 <m(f)(A) and M(f)(A) <1

(ziir) m(In f)(A) = Inm(f)(A), M(ln f)(A) =1In M(f)(A),
if m(f)(2)>0

(iv) m(T)(8) = YmPB), M(YA) = YD), (k> 0,keN)

if m(f)>0
Bearing in mind the conditional character of Definition 1.3 one must be careful in
using it.
Suppose now that A = [ay,B1] X ... X [an, Bn] C R" is any n-dimensional segment.
not necessary a subset of D, and that f is a function defined by certain teiin
belonging to set (1.11). By means of Definition 1.1 and 1.3 we can recursively,
step-by-step, try to determine a pair of numbers m(f)(A), M(f)(A). With more
details this procedure can be described as follows.

(1.14)We start by using equalities (i) and after that, if it is needed, according to
the structure of the term of the function f we step-by-step use one of the
equalities?) (ii), (iii), ..., (xiv). Then, whenever we meet some subterm of one
of the form

1/t,arcsint, Int, ¥/1, (k>0,k¢ N)

we first check whether the corresponding condition from Definition 1.3, i.e.
one of these

(1) 0 [m(D)(A), M()(A)], (ez) —1<m(t)(A)and M(t) <1,
(c3) m(t)(8) >0, (ecs) m()(A) 20

respectively is satisfied.

The procedure halts if that condition, let us say (c;), is not satisfied. In such
a case we shall say that the procedure has stoped prematurely. At this halting
step we also check whether the following additional condition (cf):

() m(e)(A) = M@H(A) =0
(cy) m(t)(A) > 1 or M(E)(A) < -1
(c5) M(1)(A) <0
(ch) M(£)(B) <0

respectively is satisfied.
In the connection with this procedure we introduce the following definitions!®,

9 As a matter of fact this procedure is quite similar to that of computing the value of some
given algebric expression in which eventually some operators are only partialy defined.

10)We use the terms f-solutional, f-indetermined, f-feasible because of the similarity
with the notions solutional, indetermined, feasible (see Definitions 2.1, 2.2)
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Definition 1.4. An n-dimensional segment A is

19 f-solutional if the procedure (1.14) does not halt prematurely

20 f-indermined if the procedure (1.1]) helts prematurely but then the cor-
responding condition (c}) is not satisfied.
Definition 1.5. An n-dimenstonal segment A is f-feasible if it is f-solutional or
f-indetermined.
Now obviously we have the following:

Lemma 1.5. Let A be any n-dimensional. Then:

(i) If A is an f-solutional then the function f is defined for all X € A.
(1) If A 1s not f-feasible then for all X € A the funciion f is not defined.

The prooof follows immediately from the meaning of conditions (¢;), (c}) (¢ =
1,2,3,4).

Lemma 1.6. Let A and A', with A" C A, be any n-dimensional segments. Then
if A is f-solutional A’ is f-solutional too.

Proof. Denote by o(f) the number of all functional symbols occuring in the term f.
To prove the lemma we shall prove by induction on o(f) the following implication

(*1) IfA is a f-solutional and A" C A then A' is f-solutional too, and additionally
the inequalities
m(f)(A) <m(f)(A"), M(f)(A") < M(f)(A)
are satisfied.

If o(f} = 0 then the form f is one of the terms z;, ..., z,, C, where (' is a constant
and assertion (*1) is trivially true.
If o(f) > O then the term f can have one of the following forms

Puto, 0u-v, 3 —u, 49 >*Yu, 5 expu, 6° sinu, 7° cosu

&% min(u,v), 9° max(u,v), 10° 1/u, 11° arcsinu, 12° lnw, 13° 2/u

where u, v are some terms and k£ > 0, k € N.

Let f have the form v + ». Then using the induction hypothesis and Remark 1.1
it follows that (*1) holds. Similarly one can treat cases 2°-9°. '

Let f have the form 1/u. Then by the induction hypothesis we have the following
conditions

(*2) m(u)(8) < m(u)(A"), M(u)(A) < M(u)(d)
By assumption we also have the condition

o & [m(u)(A), M(u)(A)]
Le. the following condition

(*3) m(u)(A) >0V M(u)(A) <0
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From (*2) and (*3) it follows that
(*4) m(u)(A") >0V M(u)(A') <0

which completes proof in case 10% In a similar way the remaining cases can be
proved (see also Remark 1.2 below).
A straigtforward corrolary of Lemma 1.6 reads

(1.15)Let A be an f-solutional n-interval. Then using procedure (1.1{) ore can for

each A' C A determine the m-M pair (m(f)(A"), M(f)(A")). Moreover, this
m-M pair is monotone.

Note that this assertion is a generalization of Lemma 1.4.

Remark 1.2. Denote condition (*3) by ¢(A). Then the implication (x3) = (x4)
can be rewritten as follows

e(A) = ¢(A") (If ACA and (+2)

In other words the condition p(A) is compatible with the monotony property. The
similar fact holds for conditions (c2), (c3), (¢4)-

Let now t be a term belonging to set (1.11) and let D C R™ be a given n-dimensional
segment. We are going to solve problem (1.13) under the assumption (z4,...,2,) €
D. The set D N Dom(t) will be denoted by Domp(t).

We start by choosing some decomposition D(D). (see Definition 1.2). Accordingly
let, for fixed r, F,.(t) denote the union of all ¢-feasible products P, € D,(D). Next,
by Singp(t) denote the set of all values (z1,...,z,) € D at which, if ¢t has one of
the form

1/u(zy, ...y zn), Inu(zy,...,z,)

the condition of the form
U(T1y ey Tn) =0
is satisfied. Then we have the following basic result.

Theorem 1.1. If t is any term from set (1.11) then the following equality

(ﬂ F,(t)) \Singp(t) = Domp(t)

reR

holds.

Proof. Let first X = (x1,...,20) € Domp(t). This point does not belong to
Singp(t). Next, denote by P, the direct product Cr(z1) X ... x Cr(z,) where
(Cr(x;)) is any cell-sequence of the number z; (i = 1,2,...,n). Suppose that for
some r € N the product P, is not feasible. Then, by Lemma 1.5, (ii) the function
f, corresponding to the term t, is not defined for all elements of P,, which contra-
dicts X € Domp(t). Thus, for every r € N the products P, must be f-feasible.
Consequently: X € ((,en Fr) \Singp(t).
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Let now X € (.en Fr and X ¢ Singp(t). To prove X € Domp(t) suppose the
contrary. Then the term ¢ must have some subterm of one of the forms

arcsin u, %/u, lnu (k>0,keN)

and additionally the following condition
[w(X)| >1, u(X)<0, u(X)<O0

respectively is fulfilled. Consequently for r great enough any product P. 3 X will
satisfy the condition

m(u)(Pr) >1or M(u)(P) < -1, M(u)(P)<0, M®@u)P)<0

respectively. Thus P, is not feasible, which contradicts X € (| F,. The proof is
completed.

Remark 1.8. The set Domp(t) is the set of all solutions of the condition Cond(T)
(see 1.12). Accordingly, applying the procedure (2.6) from section 2 one can aproz-
imately determine this set as follows. Let € > 0 be a real number chosen in advance
and let Cond,(t) be the conjuction of the following conditions

lpll Z g, "'7lpa| 2 €, lqll S 17-‘-: |th S 1; ITI' 2 5,---,""5' 2 1>

81 2>0,..,8¢ >0, (.’Dl,...,.’En) €D

Cond(t) is a system of inequalities to which Theorem 2.1 can be applied. Conse-
quently the set Domp(t) can be approzimately determined in that way.

In connection with the mentioned procedure (2.6) here we add the following remark.

Remark 1.4. If in the system (2.1) any function f; is defined by some term
from the set (1.11) then, briefly said, in Definition 2.1 the feasibilty criterion
should include the following part: A is f;-solutional. Also, those A's who are
fi-indetermined should be included to Uy, but as a separate part. The reason is:
such A's have to be treated in the next step of the procedure.

4. Suppose now that f is a function defined by a term f(z1, ..., z,) belonging to set
(1.11) and in some points S the value of that term becomes indetermined (sych as
0/0, 0o/o0, etc.). Usually, f(S) is defined as the corresponding limit (if it exists).
The function f: D — R defined by

(23 .
f(z1,z0) = { 5#%5 Tf (z1,22) # (0,0)
0 if (z1,22) = (0,0)

§=(0,0, DCR? D3S§

is an example of such a function. In the case of such functions in order to determine
one m-M pair (m(f)(A), M(f)(A)), where A 3 S is a domain small enough, one
can apply Lemma 1.7 stated below.
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Lemma 1.7. Let f: D — R be a given function and S € D. Suppose that there [ Proof. Let us start with the following well-known identity
ezist a number €, with') 0 < & < minvean | X =S 1. and a function X - 10 21 — R i


















































































































