
PUBLIKACIJE ELEKTROTEHNlfKOG FAKULTEtA UNlv~RZITETA U BI:OGRADU
PUBLICATIONSDE LA FACULTED'ELECTROTECHNIQUEDE L'UNIVERSITEJ.. BELGRADE

---~
SERIJA: MATEMATIKA I FIZIKA-SERIE: MATHEMATIQUES ET PHYSIQUE

N!! 155 (1965)

REMARK ON THE CONVERGENCE OF A SEQUENCE*

Milosav Marjanovie and Slaviia B. Preiie

In the present note we give a considerably simplified proof of a theorem
proved in [1]. Also an unnecessary assumption from [1] is om:tted.

Let E be a complete metric space, fn: Ek ->-E a sequence of mappings of
the product space Ek into E such that

(1) d(fn(ul' Uz, ... , Uk)' fn(uz, U3' ... , UHI»<q,d(ul' Uz)

+qzd(uz, U3)+ . . . +qkd(Ub UHI)'

for every u" Uz,
'"

, Uk+,EE, where q" qz,. .. , qk are non-negative fixed
numbers such that ql + qz + . . . + qe::;'q< 1.

Let

(2) d(f,,+1 (UI' Uz, .., , Uk), fn(ul' Uz, ... , Uk»<an (n= 1,2,...),

where an, (n= 1,2, .,. , ) are positive terms of a convergent series. (In [1]

it has been supposed that lim inf an+1
= 1).. It is easily seen that the sequence

n--).oo an
fn, n = 1, 2, .,. converges uniformly to a funcf on f: E k ->- E.

We prove namely the following:

The 0 rem. Let

Xn+k = fn (xn, Xn+
I'

... , Xn+k-I)' (n = 1, 2, . .. ),

where the elements Xl' xz' . . . , Xk are arbitrarly
(1) and (2) are satisfied:

1. The sequence Xn converges in E.
2. The equation

chosen. Then, if the conditions

X = f(x, X, ... , x)

has a unique solution X = lim Xn.

Proof 1. Putting iln = d (xn, Xn+I)' then by conditions (1) and (2) we get
the following system of inequalities

(3) (i = 0, 1, 2, . . . , s).

. Presented by D. S. Mitrinoyic.
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n+k
s

Adding together the inequalities (3) and putting O"n+k+s= L Lln+k+v' we
v=o.

easily find that
n+s

cr:tZ+s < L av + q cr~tZ+s + q (Lln + Lln+1+ . . . + Lln+k-l)'
v=n

Therefore,

(4)

From
lim sup Lln+k<ql lim sup Lln+ . . . + qk lim sup Lln+k-p

n~~ n~~ n~~

1. e.,

n-HO

we find that Lln-+ 0, as n -+ 00. Letting n-+ 00 in (4) we obtain

Being E complete, the sequence Xn converges, i. e. lim Xn = xo.'

2. Applying triangle inequality, we get

d(f(uI' U2' ... , Uk)' f(U2' U3'
'"

, Uk+l))<.d(f(up U2,
'"

, Uk),

fn(UI' U2, ... , uk))+d(fn(up U2, ... , Uk)' fn(U2' U3, ... , Uk+l))

+ d(fn (U2, U3, ... , Uk+I)' f(U2, U3' ... , Uk+l))
DO

<;;2 L av+q1d(Ul' U2)+'" +qkd(Ub Uk+I)'
v=n

wherefrom, as n -+ 00 we get

d(f(up ... , Uk), f(U2' ... , Uk+l))<q1d(up U2)+'" +qkd(Ub Uk+l)'

Now, we have

d(fn(xn, xn+p ... , XnH-I)' f(xo, xo'
'"

, xo)) = d(XnH,f(xo, xo, ... , xo))
DO

< d (f(xn, xn+p . . . , Xn+k-l)' f(xo, xo' . . . , xo)) + L Gv -+ 0
v=n

as n -+ 00, what implies that Xo= f(xo, xu' ... , xo)'
The uniqueness of the solution follows, for example, from the Banach

contraction theorem applied to

f (u) = f(u, U, ... , u), (uEE)
since

d (f(u), f (v)) < q d (u, v) (U, v E E) .
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