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REMARK ON THE CONVERGENCE OF A SEQUENCE*
Milosav Marjanovi¢ and Slavisa B. Pres§i¢

In the present note we give a considerably simplified proof of a theorem
proved in [1]. Also an unnecessary assumption from [1] is om:tted.

Let E be a complete metric space, f,: E¥*—>E a scquence of mappings of
the product space E* into E such that

(1) d(f;t(uu Uz + v s uk)’ f;t(u27 Uy, oo uk+1))’<qld(u19 uz)
+qad(uy, u3)+ - - - + G d (g, Upry),

for every u,, u,, ..., uyy,cE, where q,, g,, ... , g, are non-negative fixed

numbers such that g, +¢g,+ - - - + gx<g< 1.

Let

(2) d(.fn+1(u1,u2’ LR uk): .f;l(ul,uZa ey uk))<an (n=1’ 29"')5

where a,, (n~1 2, , ) are positive terms of a convergent series. (In [1]

it has been supposed that lim inf —— nt1_ ) It is easily seen that the sequence

n—co a" .
Jns m=1,2, ... converges uniformly to a functon f: E¥—E.

We prove namely the following:
T’heorem. Let

Xnir=Jn(KXns Xntys « oo s Xntk—1), (M=1,2, ...,
where the elements x,, x,, ..., x; are arbitrarly chosen. Then, if the conditions
(1) and (2) are satisfied:
1. The sequence x, converges in E.
2. The equation

x=f(x, % ..., X)

has a unique solution x = lim x,,.

n—>w
Proof. 1. Putting A,=d (x,, X,1+,), then by conditions (1) and (2) we get
the following system of 1nequa11t1es

) Dprti<Uup i+t G Durit B+ - G D ((=0,1,2,...,9).

* Presented by D. S. Mitrinovic.
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Adding together the inequalities (3) and putting opif., =

s
AV

Bpirty, WE
easily find that °
Onihis< nis a,+ qoniies +4q Bn+Bppgt+ v -+ Bypg—y).
Therefore, =
4) ontk, <1 ’f a,+—7
1—q =

1 q(An+An+1+ s "f‘An—i-k—l)'
From
lim sup A, <g, limsup A, + - - - + gz limsup A, p—,,

n—o n-—>o00 n— oo
i.e,
lim sup A, < g lim sup A,

n-—>o n-—»o0

we find that A, —~0, as n—o . Letting n— oo in (4) we obtain
d (Xniks> Xnikts) < G:L’:H—* 0.
Being E complete, the sequence x, converges, i.e. lim x,=x,.
2. Applying triangle inequality, we get
d(flup, uy, oo, W), flug, uy, oo, Wr))<d(f(uy, uyy ..., W),
JaQuy, wyy oo, w))+d(fuluy, uy, .., W), fuly, 4y, .., Upry))
+d(fu(uy, us, ... 5 upyy), fUoy s, ooy Upyy))

<23 a,+q,d(w, w)+ - g d (U, )

v=n

wherefrom, as n—o we get
d(f(uy, - 5w, [ - ooy e ))<qd Uy, u)+ - - - + qed (g, Uy ).
Now, we have

d(fn(xns Xntis o oo s xn+k—1)’ f(xo’ xO’ cer xo)) = d(xn+kaf(xo9 Xos + o s xo))

<A(fXn, Xntys -+ o Xnpa—1)s S (X5 X5 - %))+ > a,~0

as n—oo, what implies that x,=f(xy, x4, ... , Xp)-

The uniqueness of the solution follows, for example, from the Banach
contraction theorem applied to

fW=fuu, ... ,uw, @EE)
d(f@w), fM)<qd@,v) (@ vEE).

since
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