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Let L={p;|icI} be a given set of so called propositional letters and
O={o;| je=J} another set of operation symbols. Associated with each operation
' symbol o; there is a non-negative integer /(o;) called the length of o;. We
denote. by C the set of all operation symbols having the. length zero The
elements of C we call constant symbols, and the other elements of O are called
connective symbols. For the sets L and O we suppose:

LNO=g, LUC# @, ONC+# .

Thus, the set L can be the empty set. From the elements of the sets L
and O we define formulae in the usual way. Namely, the set (% of all formulae
is the smallest set (a subset of the set of all strings built up from the mem-
bers of L{JO) which satisfies the following conditions

nH O LCF

(i) CC.F
(i) If @5 oo 5 0, j“ and I (o)) =n, then 0;¢,- - -9,E.F
The signs P,, P,, P,, ... are used to denote arbitrary formulae (i.e. as

variables for formulae). From these symbols and the elements of O formula
schemes are built up. Namely, if in the above definition of formulae the part
(i) is replaced by {P,, P,, ...}C.F , we obtain the definition of the set all
formula schemes. Further, let Ax be a nonempty set of formula schemes, and
R a set of certain rule-schemes of inference, each of the form

o, ...,

@ @D

where ®@,, ..., ®,, ¥ are formula schemes.
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By the sets Ax and R is defined, a so called propo&itional cvalc’z)lus. More
precisely a propositional calculus may be defined as the ordered pair (4x, R). Let

(3 e Py, Py, oo, Py)

be any element of 4x, where all the elements of the set {P,, P,, ...} occur-
ring in (3) are among Py, P,, ..., P.. If o, @,, ..., @, are any formulae,
then the string

)] Q(Prs Py v v s i)

is a formula as well. The formulae as (4), for which we also say that they
are of the form (3), we call axioms (of the calculus (4x, R). By Ax we denote
the set of all axioms. According to the given definition of the sets of formulae
and formula schemes the following statement is true:

(5) In any axiom its proposititional letters may by replaced by any formulae.
In such a way from an axiom we again obtain an axiom.

Let 72 ie. (4x, R) be a propositional calculus. By Th (?) we denote the
set of all its theorems, and by }— F we denote the fact that the formula F is
P

a theorem (of 7P).

Now we define a model for . It is a usual definition. Namely, let M
be a nonempty set, and let 1 denote one of its elements. Further, with each o;
we associate an object ; in the following way:

If 0;&C, then §; is a certain chosen element of M.

If 0;&O0N\C, and I(0,)=n, then ¢, is an n-ary operation of M.

By the set M and the operations® &; an algebra M is determined. The
set M is its domain. On certain conditions we say that an algebra M is a
model for a propositional calculus. Namely, that is. exactly in the case when:

(6) Each axiom f is valid in the algebra M, i.e. the equality f=1 is satisfied
for all possible substitutions of the elements of M for the letters p; (oc-
curring in the formula 7). By f we denote the string obtamed from f by
replacing: o, by o;.

(7) The rule schemes of 7 are satisfied by M in the sense that validity is
preserved by them; i.e. if (2) is any rule schema then the implication

If ®,=1,..., ®,=1, then V=1

is true for all P, P,,...EM.

From the conditions (6), (7), it is immediate that each member ‘of the
set Th(’#), i.e. any theorem of /2, is also valid in the model M. It may
happen that for a certain algebra- M we have (Completeness theorem):

"1} Therefore the propositional letters may be called variables.

2 If l(o,) 0, then 9; is called a operation of the length zero, The element 1 1s a
operation of such kmd
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(8) Any formula f of the propositional calculus @ is a theorem if and om’y zf f
is valid in the algebra M.

In such a case we say that the algebra M 'is an adequate model for P

In this paper we give a necessary and sufficient condition for ## to have
. an edequate model.

_ In order to express this condltzon we define a new formal theory @(_ D
in the following way.

Denote by O, the set Ou{l} and let by definition 1 be C, (provided
C,£0). By deflmuon (1) we obtain the so called terms of P (=, 1)

The formulae of P (=, 1) are strings of the form ¢ =1¢,, where ¢, ¢,
are terms.

_ The formula schemes of P(=,1) afe, sh'ortly; strings which can be
obtained from the formulae of /2 (=, 1) by all posible replacements of elements
of the set L by elements of the set {P,, P,,..., P,,...}.

"The axiom schemes of P (=, 1) are:

| (9) all formula schemes of the form f=1, where f is any axiom schema of
(provided that 1 is included as a member of C)

(10) all formula schemes of the form 7=

The rule schemes of P (=, 1) are:

=1,... 1 s B )
(11) 2l » $n= , whenever Do is a rule schema of 72,
4}- 1 ¢
(12} =t h=h, L=k L=l .., t,=1h
t,=1 1 =1, 0;t;- - l,=0;ti- -1
where t,, 1,, ... are any terms, o; any n-ary -operation symbol.

We also note that:

(13) In the case of the theory /P (=, 1) it is supposed that P, P,, ... may
be replaced by any terms. In such a way, for example, from axiom-sche-
mes of P (=, 1) we get the axioms of (=, 1).

There is an interesting connection betveen the theories 2, @ (=, 1):

(14) An algebra is a model for the calculus /2 if and only if M is a model®
for the theory (,a(_._ .

This 1mmediate1y follows from the defzmtlons of models for @ (=, 1},
and from (10), (12).

Further, we note that the theory P (=, 1) always has at least one ade-
quate algebra. Namely, these are the so called free algebras. One of such al-
gebras @ can be described in the following way. .

3 As a matter of fact, its normal model ie. a model in whlch is .interpreted as
the equality, ‘
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Let T be the set of all terms. On the set T define the relation ~ as
follows:

(15) t,~t, if and only if | 1=¢,
P(=,1)

i.e. t;~t, if and only if #, can be obtained from ¢, using the axioms of the
forms (9), (10) and the rules (11), (12). The relatlon ~ is an equivalence
relation. This follows from the axiom of the form r=¢, and the rules

=1, L=, l,=1
t2:t1, =1,

The members of T/~i.e. of the quotient set will be denoted by C,, where
t<T. These classes are the only elements of the algebra ®. Its operations 0;
are defined as follows:

If 1(0)=0, then 6%LC,. So 1=C,
1f I(0)=n (>0), then g; is the n-ary
operation determined by
(16) 6;(Crys oo, C)=Cory. 4y

In the definition (16) the result, ie. 6,(C,,, ... , C,) is defined by

t , I, i.e. by certain membars of the classes Ceps oovs C,, respectively.

Logical correctness of this definition follows from the rule schema

13 7.

t=t{,..., t,=t,

n

ojtl' . 'tn:"ojtll' . .t';
The tet T/~and the operation 4, determine the algebra ®.
The equality (16) can be generalized in the following way.
By

@, ..o @y 05y, ey 0;,)

denote a term, where a,, ..., a, as well as o, are all elements of

s s 0
the set. L i.e. of the set O, occurring in the term. Then by induction on m

the following equality may easily be proved
amn HCqps oo Cop 0 e 05,)=Crias -

an’ “jy? YA’ 0jy” "% Opy)y

We now give a proof that the algebra @ is an adequate model of the theory
P(=, 1)

The formula
° jml) t(b13'~- ny Ok, Ok,...okmz)

@y o5 by o EL; 05, 03, - €0)

tl (al’ ey Gy, 0j1’

is vallid in .
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if and only if the equality
1(Crp oo s Crpp Gisove 5 05, )=0(Cs oo s Oy Opy v Ggy)

holds in ® for all x;, ..., x,, ¥, ... ¥, &T.

if and oz;ly if the qguality

1 (1, o ees Xmgs Ofys ve s ojml):Ctz (s voe Iy Ok oo s Oy )

holds in ® for all x,, ..., Xnp Yo oo s Y, €T,

if and only if

Xy s Xy Ojps +ov > Ofm1)~t2 s ooy Vup Okpr oo v "kmz)

for all x, ..., x,, ¥, ..., ¥, €T.

if and only if

= (e, X,
?(=,1)

o 01‘1’ vy Opy, =1, (yl, e ynza okl’ e okmz)

for all x;, ..., x,, yi, ..., Yo, &€T.
if and-only if

= t(a,...,a,
P(=, 1

s O vves ojm1)=t2‘(bl, ey by, Ok e s okmz)

1 2

The last step in' the proof is based on the fact that in any theorem of
P(=,1), say 9(a, a, ...), where a,, a,, ...€L, the propositional letters
a,, a, ... may be replaced by any terms (see (13)).

Now we proye our main result.

Theorem. For a propositional calculus '# there is an adequate algebra
if and only if the theory P (=, 1) is not a creative extension of /P, i.e. for
every formula f of /P the equivalence¥ is true

(18) : —f if and only if +— f=1
? ?(= _

s

I3

4 The implication

If - f then |+ f=1
P P(=,1)

is true. Therefore the equivalence (18) may be reduced to the following condition
There is no formula f of 7# such that i

- f=1, but not }- f
P(=, 1 P
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Proof. First, suppose that /2 (=, 1) is a creative extension of /2. Then
there is a formula f of 2 such that:

I f=1and not | f
P(=, D P

Let us also suppose that the calculus /@ has an adequate algebra, say M.
This algebra is a model of the theory 2 (=, 1) as well. Therefore, it follows:

f=11s valid in M
Hence, we infer that |—f. But from [—f and not |—f we conclude that
' P ’ P P ’

the implication
@ has an adequate model
= P (=, 1) is not-a creative extension of P
is true.
Second, suppose that P (=, 1) is not a creative extension of. According

to the given proof there is an algebra ® being an adequate algebra of /2 (= 1).
But this algebra is adequate for /2 as well, which follows from the proof:

Let f(a,, ..., 0, ...) be any formula of /2. Then:
flay, ..., 0, ...) is valid in @

if and only if the equality
f(Cys iy 0y,..)=C,

holds in @ for all x;, ...&T
if and only if the equality

Cf(xl, ; )=C1

> Ofps e

holds in @ for all x,,...&T
if and only if
= G0, =1
?(=, 1D
hold in @ for all x,... €T
if and only if ~
- f(a,...,ojl,...)=1
P(=.1)
if and only if
]—f(al,...,ojl,...)
P
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